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Clipped random wave analysis of anisometric lamellar microemulsions
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Small-angle neutron scattering experiments were performed on C10E4-D2O-octane~where C10E4 is tetraeth-
ylene glycol monodecyl ether! anisometric microemulsions in the lamellar phase at a constant surfactant
volume fraction of 20% and at the hydrophile-lipophile balance temperature of 22.5 °C. The results were
analyzed using a clipped random wave model with a specific spectral distribution function developed by us
previously. This enabled us to generate three-dimensional morphologies of the microemulsions, which showed
clearly that in sufficiently anisometric microemulsions the oil-water interface was no longer connected. At
large anisometry isolated regions of oil or water were found, and the transition from a bicontinuous structure
at isometry to these isolated micelles far from isometry goes through an intermediate cylindrical morphology
when the oil-to-water or water-to-oil ratio is around 4 to 1. We further computed the joint distribution function
of the mean curvatureH and Gaussian curvatureK of the entire oil-water interface for each anisometric
microemulsion. In particular, we show the distribution of^H&, ^K&, and ^H2&2^H&2 for different isolated
regions within an oil-rich microemulsion at an oil-to-water ratio of 85% to 15%. These distributions allowed
us to prove that the isolated regions formed in highly anisometric microemulsions were small and had spherical
topology.

DOI: 10.1103/PhysRevE.63.021401 PACS number~s!: 82.70.2y
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I. INTRODUCTION

Microemulsions are amphiphilic solutions containing o
water, and surfactant which appear macroscopically misc
but in reality are phase separated on a microscopic sc
with the oil and water domains held in contact by the surf
tant molecules. Depending on external parameters suc
temperature and the relative volume ratios of oil, water, a
surfactant, they exhibit a rich variety of internal structur
including globular micelles, disordered bicontinuous me
branes, and stacked lamellar planes.

As we showed in an earlier paper@1#, dilute isometric
lamellar microemulsions~containing equal proportions o
water and oil! near the sponge-lamellar transition have
structure that is very similar to the disordered bicontinuo
phase, marked by numerous passage defects@2#. It was there-
fore interesting to consider what happens in dilute anisom
ric lamellar microemulsions, where the imbalanced oil-
water ratio causes the oil-water interface to cur
significantly ~toward water in oil-rich microemulsions, an
vice versa! even at the hydrophile-lipophile balanced tem
perature. If the curvature becomes extreme enough, it is
sible that the bicontinuous structure may break up into d
tinct, isolated regions.

To investigate the exact topological changes that acc
pany increasing anisometry, we performed small-angle n
tron scattering experiments on C10E4-D2O-octane micro-
emulsions in the dilute lamellar phase (C10E4 represents
tetraethylene glycol monodecyl ether!. The clipped random
wave model was then used to analyze the scattering res
from which three dimensional pictures of the microemuls
morphology were constructed. This allowed us to visual
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the topological changes taking place in the microemuls
structure, from which it became clear that isolated water-
oil or oil-in-water micelles were forming in highly anisome
ric microemulsions. Furthermore, by computing the distrib
tions of the mean curvature and Gaussian curvature for
oil-water interface, we were able to prove that these isola
regions have spherical topology~with no holes in them!.

II. CLIPPED RANDOM WAVE MODEL

In the clipped random wave~CRW! model @3#, the order
parameter field of a microemulsion system is first expan
in a series of spherically symmetric cosine waves with
magnitude of wave vectorskn ~isotropically distributed! cho-
sen from a spectral distribution functionf (k), and with ran-
dom phasesfn uniformly distributed within the interval
@0,2p),

c~r !5A2

N
(

1

N

cos~kn•r1fn!. ~1!

The order parameter field is normalized in such a way t
^ucu2&51, where the average is taken over the rand
phases. Since the order parameter field is a sum over m
independent cosine waves, the central limit theorem gua
tees thatc(r ) is a continuous Gaussian random field with
mean square amplitude of unity, namely,

P~c!5
1

A2p
expS 2

c2

2 D . ~2!

In this paper, we have also chosen to use the spectral f
tion @1#

f ~k!5b f 1~k!1~12b! f 3/2~k!, ~3!
©2001 The American Physical Society01-1
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where

f 1~k!5
1

~2psk
2!3/2

expS 2
k2

2sk
2D ,

f 3/2~k!5
8

p2

b3~a21b2!

@k422~a22b2!k21~a21b2!2#2
, ~4!

a, b, b, andsk being parameters to be determined expe
mentally. This spectral function was derived by maximiz
tion of an associated generalized entropy function@4#, sub-
jected to the constraint that the second and fourth mom
of the spectral function be finite.

Since microemulsions are microphase separated with
tinct oil and water domains, a continuousc(r ) distribution is
not quite appropriate. In order to create a discrete order
rameter field that correctly represents the microphase s
ration, we clip the order parameter at a levela determined
by the relative volume fractions of each component, result
in an oil-water interface that is mathematically defined as

c~r !5a. ~5!

This clipping operation generates a two-level discr
field z(r ) from the original, continuous fieldc(r ) by assign-
ing z(r )51 ~water region! whenc(r )>a, andz(r )50 ~oil
region! when c(r ),a. Strictly speaking,z(r ) is only cor-
rect for describing two-component systems. Fortunately,
surfactant used in our three-component microemulsion,
raethylene glycol monodecyl ether has a hydrophilic he
and a hydrophobic tail that are almost equally sized. T
gether with the fact that we were investigating dilute lame
microemulsions, where the amount of surfactant is still sm
compared to the amount of oil and water present, we w
able to treat our three-component microemulsion as an ef
tive two-component system by partitioning half~the tail! of
the surfactant into the oil region and the other half~the head!
into the water region. Thus, for anisometric microemulsio
in general,a can be derived from Eq.~2!, yielding the rela-
tionship

w15
1

2 F12erfS a

A2
D G , ~6!

where w1 is the volume fraction of water and half of th
surfactant.

The scattering properties of such a clipped random w
system can be calculated entirely from the spectral func
f (k). First, by taking its Fourier transform, the two-poi
correlation functiong(ur12r2u)5^c(r1)c(r2)& is obtained,

g~r !5E
0

`sin~kr !

kr
4pk2f ~k!dk. ~7!

The normalized Debye correlation function is then given
@5#
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G~r !512
1

2pw1w2
E

0

cos21[g(r )]
expS 2

a2

11cosu Ddu,

~8!

wherew1 andw2 are the respective volume fractions of th
two pseudocomponents of the system. Using the fact thaa
50 for isometric microemulsions, we can greatly simpli
the expression forG(r ) in that case, resulting in the expre
sion

G~r !5
2

p
sin21@g~r !#. ~9!

By knowing the Debye correlation function, the scatteri
intensity can be obtained from the relation@6#

I CRW~Q!5^h2&E sin~Qr !

Qr
4pr 2G~r !dr, ~10!

where^h2&5(Dr)2w1w2 , Dr being the difference betwee
the scattering length densities of oil and water~contrast!. In
practice,^h2& is usually calculated from

^h2&5
1

2p2E0

`

Q2I data~Q!dQ ~11!

so that calibration errors inI data(Q) can be eliminated. Thus
using Eq. ~10! to fit experimentally obtained scatterin
curves, one can then determine the values of the param
a, b, b, and sk , and thereby obtain the spectral functio
f (k) of the microemulsion being studied.

III. SIMULATIONS OF THE MICROEMULSION
MORPHOLOGY

A key advantage of the clipped random wave model
that, having experimentally determined the spectral funct
of a given microemulsion,f (k) can be used in Eq.~1! to
generate a three-dimensional snapshot of the clipped o
parameter field describing the microemulsion. For the sim
lation, it is usually more convenient to recast Eq.~1! into the
form @1#

c~r !5Re(
k

S 2p

L D 3/2

A6 f ~k!A~k!eik•r1 if(k), ~12!

where the sum is taken over wave numbers rather than i
vidual cosine waves. Equation~12! also brings out explicitly
the importance off (k). The order parameter field so ob
tained can then be used to visualize the oil-water interface
plotting the isovalue surface defined by Eq.~5!. This allows
us to look at the oil-water interface directly rather than de
ing with the abstract parametersa, b, b, andsk of the spec-
tral function.

One can do even better by calculating the Gaussian
mean curvatures of the oil-water interface at every surf
point, defined as
1-2
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K5
1

R1R2
,

H5
1

2 S 1

R1
1

1

R2
D , ~13!

whereR1 andR2 are the principal radii at the surface poin
Since the interface is mathematically defined by Eq.~5!, the
Gaussian and mean curvatures can be derived from the o
parameter field using equations from differential geome
@7#,

FIG. 1. Phase diagram of C10E4-D2O-octane microemulsion on
the isometric plane where the oil and water volume fractions
exactly equal. The inset shows a schematic diagram of the an
metric plane atws50.2, where the asterisks denote the samp
used for this experiment.

FIG. 2. Scattering intensity distributions~points! and CRW fits
~solid lines! for C10E4-D2O-octane isometric and water-rich micro
emulsions.
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K5
1

M4
@cxxcyycz

22cxy
2 cz

212cxzcx

3~cycyz2czcyy!1permutations#,

H5
1

2M3
@cxx~cy

21cz
2!22cxcycxy1permutations#,

~14!

where ‘‘permutations’’ indicates additional terms obtain
by cyclic permutation, and where

M5Acx
21cy

21cz
2. ~15!

In previous studies of anisometric microemulsions@8#
only average values of the Gaussian and mean curvatu
taken over the entire oil-water interface, were calculat
However, because the oil-water interface is not necessar
single continuous surface in anisometric microemulsio
these average values become topologically meaningless.
cording to the Gauss-Bonnet theorem

e
o-
s

FIG. 3. Scattering intensity distributions~points! and CRW fits
~solid lines! for C10E4-D2O-octane oil-rich microemulsions.

FIG. 4. Scattering intensity~circles! and CRW fit~line! of iso-
metric microemulsion, together with a 3D picture of the microem
sion structure generated by computer simulation. Length scales
the simulation are in angstroms.
1-3
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DAWEN CHOY AND SOW-HSIN CHEN PHYSICAL REVIEW E63 021401
^K&S54p~12n!, ~16!

whereS is the total surface area of a closed surface andn is
the number of holes in it, the average Gaussian curva
^K& is only useful when taken over aclosedsurface. Thus,
the ability to calculate the surface distribution ofK and H,
given by Eq.~14!, is crucial to the analysis of anisometr
microemulsions.

Coupled with an algorithm that locates individual clos
surfaces within a simulated order parameter field, the clip
random wave model provides a very powerful tool for an
lyzing anisometric microemulsions. One can study the f
mation of isolated regions of oil or water as the microem
sion departs from isometry, and even track any change
topology by calculatinĝK& for each closed surface.

IV. EXPERIMENTS

Small-angle neutron scattering experiments were p
formed on C10E4-D2O-octane anisometric microemulsions
the lamellar phase. These experiments were carried out u
time-of-flight spectroscopy on the SAND instrument of t
Intense Pulsed Neutron Source~IPNS! at Argonne National
Laboratory. The surfactant volume fraction was kept at 2
for all the samples studied, and the temperature was m
tained at 22.5 °C. In order to differentiate between differ
anisometric microemulsions, the deviation of the microem

FIG. 5. Scattering intensity~circles! and CRW fit ~line! of
Dw150.1 microemulsion, together with a 3D picture of the micr
emulsion structure generated by computer simulation. Length sc
for the simulation are in angstroms.

FIG. 6. Scattering intensity~circles! and CRW fit ~line! of
Dw150.2 microemulsion, together with a 3D picture of the micr
emulsion structure generated by computer simulation. Length sc
for the simulation are in angstroms.
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sion’s water volume fraction from the isometric case of 0
was used, that is,

Dw15w12
1

2
, ~17!

wherew1 is the volume fraction of the water component
the microemulsion. Note that, since we have partitioned h
of the surfactant volume into the pseudowater compon
w1 includes the volume fraction of both water and half t
surfactant. Thus, a microemulsion withDw150.2 is made up
of 60% D2O, 20% octane, and 20% C10E4 surfactant. Natu-
rally, positive values ofDw1 indicate water-rich microemul-
sions, while negative values indicate oil-rich microemu
sions. As can be seen from the phase diagram in Fig. 1,
experimental samples ranged fromDw1520.35 to Dw1
50.35.

We then analyzed the scattering results using the C
model. The background due to incoherent scattering was
subtracted from the raw data. Furthermore, to correct
smearing due to resolution limitations of the SAND instr
ment, the theoretical scattering intensity was convolved w
a Gaussian resolution function@9# before fitting to the ex-
perimental scattering distribution~see the Appendix!. Using
Eqs.~7!, ~ 8!, and~10! to fit the experimental data, we wer
thus able to obtain values for the parametersa, b, b, andsk
for the spectral functionf (k) of each microemulsion. The
scattering data and their fitted curves are shown in Figs

les

les

FIG. 7. Scattering intensity~circles! and CRW fit ~line! of
Dw150.3 microemulsion, together with a 3D picture of the micr
emulsion structure generated by computer simulation. Length sc
for the simulation are in angstroms.

FIG. 8. Scattering intensity~circles! and CRW fit ~line! of
Dw150.35 microemulsion, together with a 3D picture of the micr
emulsion structure generated by computer simulation. Length sc
for the simulation are in angstroms.
1-4
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and 3 for water-rich and oil-rich microemulsions, respe
tively. These spectral functions were then used together w
Eq. ~12! to generate three-dimensional simulations of the
croemulsion oil-water interface, allowing us to track chang
in the interface as the oil-water ratio was varied.

V. RESULTS AND DISCUSSION

A. Structural changes to the oil-water interface

The results of the fitting and simulation process are sho
in Figs. 4–12. The size of the simulated order parameter fi
was 75375375 elements, with each element representin
real-space volume of 83838 Å3.

From the scattering curves, it becomes apparent that,
microemulsion deviates from isometry and becomes oil-
water-rich, the peak in its scattering distribution flattens;
extreme cases, the peak even disappears. In addition
absolute scattering intensity decreases away from isom
because the contrast between the oil and water compone
reduced as one of them dominates.

Looking at the corresponding three-dimensional~3D!
simulations of the microemulsions, one also observes tha
disordered, bicontinuous structure of the oil-water interfa
in an isometric microemulsion gives way to a more disper
structure in a highly anisometric microemulsion. In Fig.
which shows a water-rich microemulsion containing 85
water and 15% oil, disconnected micelles of oil surround
by water can be clearly seen. Micelles are also found in

FIG. 9. Scattering intensity~circles! and CRW fit ~line! of
Dw1520.1 microemulsion, together with a 3D picture of the m
croemulsion structure generated by computer simulation. Len
scales for the simulation are in angstroms.

FIG. 10. Scattering intensity~circles! and CRW fit ~line! of
Dw1520.2 microemulsion, together with a 3D picture of the m
croemulsion structure generated by computer simulation. Len
scales for the simulation are in angstroms.
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oil-rich analog, shown in Fig. 12, although they are smal
and much more numerous than in the water-rich case. Th
also seems to be an intermediate stage where the oil-w
interface adopts a somewhat cylindrical structure, which
be seen in Figs. 7 and 11.

As is apparent from the scattering distributions and
3D simulations, there is also some asymmetry between
rich and water-rich microemulsions with the same degree
anisometry—the structural changes in the oil-water interf
due to the increasing dominance of one component see
occur faster in oil-rich microemulsions. For example, mice
formation is much more pronounced in the highly oil-ric
sample (Dw1520.35) than in the corresponding water-ric
sample (Dw150.35). This asymmetry is not unexpecte
since water and oil have different chemical potentials in
lution @10#. Furthermore, the octane molecule is much larg
than the three-atom water molecule; thus the formation
small micelles is much easier in oil-rich microemulsio
~water inside the micelle! than in water-rich microemulsions
as is observed.

B. Joint probability distribution of K and H

The clipped random wave model also allowed us to c
culate the surface distribution of the Gaussian curvatureK
and the mean curvatureH. From this surface distribution, we
were able to construct the joint distribution ofK andH over
the oil-water interface, shown in Figs. 13 and 14. Both fi

th

th

FIG. 11. Scattering intensity~circles! and CRW fit ~line! of
Dw1520.325 microemulsion, together with a 3D picture of th
microemulsion structure generated by computer simulation. Len
scales for the simulation are in angstroms.

FIG. 12. Scattering intensity~circles! and CRW fit ~line! of
Dw1520.35 microemulsion, together with a 3D picture of the m
croemulsion structure generated by computer simulation. Len
scales for the simulation are in angstroms.
1-5
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FIG. 13. Joint probability distributions ofH and K for water-rich microemulsions. The plots shown are actually two-dimensio
histograms ofK, H pairs on the oil-water interface, so the vertical axis is accurate only up to a scale factor.
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ures demonstrate that as the microemulsions become inc
ingly anisometric the spread ofK and H values increases
More importantly, a greater proportion of surface eleme
begin to have positiveK values, which is consistent with ou
earlier observation that the microemulsion begins to deve
cylindrical and micellar structures.

C. Analysis of disconnected regions in highly
anisometric microemulsions

The joint probability distribution ofK andH, while very
useful for a single continuous surface, becomes less sig
cant when the oil-water interface is instead disconnected
many separate surfaces. This is especially so for the di
bution of the Gaussian curvatureK, because it is only topo
logically meaningful when taken over a single closed s
face. In order to address this difficulty, we created a sim
computer program to identify all disconnected regions of w
ter or oil within the simulated order parameter field. O
algorithm looked for six-connected regions, and since
simulation is bounded we discarded isolated regions
were on the boundary as they may be ‘‘connected’’ outs
the simulation boundary. After identification, we could th
easily tabulate the size,^K&, and ^H2& ~amongst others! of
each disconnected region and its associated oil-water in
face, allowing us to track the formation of these disco
nected regions in highly anisometric microemulsions. T
process would also allow us to check that the oil-water
terface was in fact bicontinuous for microemulsions n
isometry.
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Our results indicate that, for microemulsions with
20.2,Dw1,0.2, the oil-water interface is essentially b
continuous. The program detected only 1–3 very small d
connected regions in the boundary cases ofDw1560.2,
which could easily be discounted as mathematical artifact
the simulation process. For more anisometric samples, h
ever, the number of disconnected regions increased v
quickly. Within an order parameter field of dimensions 6
36003600 Å3, one particular run of the simulation yielde
52 disconnected regions for theDw150.35 sample, 138 for
the Dw1520.325 sample, and 499 for theDw1
520.35 sample. Even if we discounted regions that w
smaller than three volume elements in size, we still found
87, and 295 disconnected regions, respectively. It is c
that micelle formation is taking place in these highly anis
metric microemulsions.

Histograms for the size,̂K&, ^H&, and ^H2&2^H&2 dis-
tributions of the disconnected regions in aDw1520.35 mi-
croemulsion are shown in Figs. 15 and 16 as an example,
are typical of the plots obtained with other samples conta
ing disconnected regions. In general, the observed reg
are quite small, with most of them being smaller than
volume elements although there are some regions larger
100 volume elements. This finding is probably the result o
relatively high surfactant volume fraction of 20%, so th
small micelles with high surface-to-volume ratios are
vored. It would be interesting to perform similar experimen
for microemulsions with different surfactant volume fra
tions to see whether micelle size is indeed inversely co
1-6
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FIG. 14. Joint probability distributions ofH andK for oil-rich microemulsions. The plots shown are actually two-dimensional histogr
of K, H pairs on the oil-water interface, so the vertical axis is accurate only up to a scale factor.
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lated, although that is beyond the scope of the present st
The predominance of positivêK& values in Fig. 16 also

indicates that these disconnected regions generally ha
spherical topology with no holes in them. Furthermore,
values obtained are very high compared to the overall dis
bution of K across the entire oil-water interface within th
microemulsion. Most of the disconnected regions have^K&
greater than 0.01 Å22, whereas the majority of other surfac
points have values ofK less than 0.005 Å22, as seen in Fig.

FIG. 15. Histogram of the volumes of disconnected regio
found in aDw1520.35 microemulsion.
02140
y.

a
e
i-

14. Using the definition of Gaussian curvatureK in Eq. ~13!,
the high values of̂ K& confirm that the regions are indee
very small.

Fluctuations in the curvature of the oil-water interfa
surrounding these regions are generally small, as indica
by the relatively low variance ofH shown. One should, how
ever, discount the large number of regions with Var(H)50
as mathematical artifacts of the simulation, because th
correspond to regions that are exactly the size of one volu
element, in which case there is only a single value ofH and
Var(H) is no longer meaningful.

It is also interesting to consider the remaining oil-wa
interface after subtracting away the disconnected regions
shown in Fig. 17 . The surface is clearly cylindrical in sha
with a rather open structure.

Our results therefore suggest the following changes in
pology as a microemulsion departs from isometry, keep
the surfactant volume fraction constant. Take, for examp
the case of an increasingly water-rich microemulsion. As
relative fraction of water begins to increase, the need to p
serve the total amount of surfactant~due to constant surfac
tant fraction! forces the interface to adopt a cylindrical sha
in order to increase the surface-to-oil volume ratio. The
lindrical structure becomes thinner and more open as
amount of oil is further decreased, until it becomes imp
sible to pack more surfactant molecules~of non-negligible
size! onto the cylinder surface. Micelle formation is the
necessary to increase the surface-to-oil volume ratio bey
that which is achievable by the connected cylindrical surfa

s
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VI. CONCLUSION

We have shown that the clipped random wave mode
applicable to the analysis of the small-angle scattering in
sity distribution of anisometric microemulsions~as well as

FIG. 16. Histograms of̂K&, ^H&, and Var(H) of the oil-water
interface of these disconnected regions found in aDw1520.35
microemulsion.

FIG. 17. 3D picture ofDw1520.35 microemulsion after dis
carding the disconnected regions. The remaining oil-water inter
is distinctly cylindrical. Length scales shown are in angstroms.
02140
is
n-

isometric microemulsions@1#! at the hydrophile-lipophile
balance temperature. The CRW model allows us to gene
3D morphologies of the oil-water interface consistent w
the scattering intensity distribution, as well as compute
curvatures at each imaginary oil-water interface point. Th
through these geometrical quantities, one can detect the
pological transition as the water-to-oil ratio is varied.

Up to aboutDw1560.2, our results show that the oi
water interface is still connected within the simulation b
size of 60036003600 Å3. As the degree of anisometry i
further raised, the morphology becomes increasingly cy
drical, and the cross section of the cylindrical structure
comes narrower and narrower until, when sufficiently
from isometry, isolated regions of oil or water begin to form
This occurs approximately whenDw1 exceeds60.3, where-
upon the interface starts to become disconnected and iso
pieces are detected within the simulation box. By detect
and analyzing these isolated regions separately, we h

FIG. 18. Width of SAND resolution function.

FIG. 19. Experimental scattering intensity~circles! of the Dw1

50 sample with the CRW fit before correction~dashed! and after
correction~solid!.

ce
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CLIPPED RANDOM WAVE ANALYSIS OF ANISOMETRIC . . . PHYSICAL REVIEW E 63 021401
proved that they are relatively small and have spherical
pology, with^K&.0. Thus, even though macroscopically t
anisometric microemulsions we studied appeared to be in
lamellar phase, our analysis of their microscopic structure
neutron scattering suggests that the morphology is ins
largely composed of an open cylindrical network togeth
with isolated micelles.
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APPENDIX: RESOLUTION CORRECTION

In this experiment, resolution effects were considered
cause we were dealing with microemulsions in the lame
d
t i
su
ua
p
by
c
n
k

ica
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n
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state that could potentially have very sharp scattering pe
This was accomplished by convolving the theoretical scat
ing intensity obtained from the CRW model with a Gauss
resolution function,

I fit~Q!5E
0

` I CRW~Z!

A2psR
2

expS 2
~Q2Z!2

2sR
2 D dZ, ~A1!

wheresR is the width of the resolution function. Data forsR

were provided by the instrument scientists at SAND, and
variation withQ is shown in Fig. 18.

We then used this ‘‘smeared’’ intensity distribution to
the experimental scattering curve. As Fig. 19 shows, res
tion correction is quite important in getting an accurate fit
the experimental data, especially for microemulsions n
isometry where the scattering peak is quite sharp.
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